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REMARKS ON TORSIONFREENESS AND ITS APPLICATIONS
TOKUJI ARAYA AND KEI-ICHIRO IIMA
Abstract. In this article, we shall characterize torsionfreeness of modules
with respect to a semidualizing module in terms of the Serre’s condition (Sn).
As its applications, we give a characterization of Cohen-Macaulay rings R
such that Rp is Gorenstein for all prime ideals p of height less than n, and
we will give a partial answer of Tachikawa conjecture and Auslander-Reiten
conjecture.
1. Introduction
There are many researches about maximal Cohen-Macaulaymodules over Cohen-
Macaulay rings from the viewpoint of Cohen-Macaulay representation theory. For
instance, one can easily see that all modules over zero dimensional rings are max-
imal Cohen-Macaulay. It is well known results that a torsionless (resp. reflexive)
module over one dimensional domains (resp. two dimensional normal domains)
is coincide with a maximal Cohen-Macaulay module (c.f. [5, 18]). On the other
hands, one can check that a second syzygy module of the residue class field of three
dimensional normal Cohen-Macaulay local domain is not maximal Cohen-Macaulay
but reflexive. Auslander and Bridger introduce a notion of n-torsionfree as gener-
alization of reflexive [1]. Evans and Griffith give a characterization of n-torsionfree
modules [7].
A semidualizing module has been defined by Foxby [8], Vasconcelos [17] and
Golod [9]. A free module of rank one and a canonical module over Cohen-Macaulay
rings are typical examples of semidualizing modules.
The notion of n-C-torsionfree has been introduced by Takahashi [16]. In this
article, we study an n-C-torsionfreeness of modules with respect to a semidualizing
module in terms of the Serre’s condition (Sn). Recently, Dibaei and Sadeghi [6]
give a similar property, independently.
Theorem 1.1. Let R be a commutative noetherian ring and let M be an R-module.
Assume that R satisfies the Serre’s condition (Sn). Furthermore, we assume that
either R satisfies (GCn−1) or Mp is totally Cp-reflexive for each prime ideal p of
height less than n. Then the following conditions are equivalent for M :
(1) M is n-C-torsionfree,
(2) M has an n-C-universal pushforward,
(3) M is n-C-syzygy,
(4) M satisfies (S˜n),
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(5) M satisfies (Sn).
In Section 2, we prepare some notions and some properties to explain Theorem
1.1. In Section 3, we prove Theorem 1.1. In Section 4, we give applications of
Theorem 1.1. The first application is to characterize Cohen-Macaulay rings R
such that Rp is Gorenstein for all prime ideals p of height less than n. Tachikawa
conjecture [15] and Auslander-Reiten conjecture [2] are long-standing conjectures
which originated in Nakayama conjecture [14]. We attempt to solve Tachikawa
conjecture and Auslander-Reiten conjecture as a second application. In Section 5,
we give some examples of non-trivial semidualizing modules.
2. Preliminaries
Throughout the rest of this article, let R be a commutative noetherian ring. All
modules are assumed to be finitely generated. In this section, we give some notions
and properties with respect to a semidualizing module.
An R-module C is called semidualizing if the homothety map R→ HomR(C,C)
is an isomorphism and if Ext>0R (C,C) = 0. From now on, we fix a semidualizing
module C and put (−)† = HomR(−, C).
Let · · · → P1
∂
→ P0 → M → 0 be a projective resolution of an R-module
M . We define a C-transpose module TrCM of M the cokernel of P
†
0
∂†
→ P †1 . We
remark that TrCM is uniquely determined up to direct summands of finite direct
sums of copy of C. Note that if C is isomorphic to R then C-transpose coincides
with ordinary (Auslander) transpose. An R-module M is called n-C-torsionfree if
ExtiR(TrCM,C) = 0 for all 1 ≤ i ≤ n.
We denote by λM the natural mapM →M
††. n-C-torsionfreeness has following
properties similar to ordinary n-torsionfreeness [1]. One can show this by diagram
chasing (c.f. [16]).
Proposition 2.1. Let M be an R-module.
(1) M is 1-C-torsionfree if and only if λM is a monomorphism,
(2) M is 2-C-torsionfree if and only if λM is an isomorphism,
(3) Let n ≥ 3. M is n-C-torsionfree if and only if λM is an isomorphism and if
ExtiR(M
†, C) = 0 for all 1 ≤ i ≤ n− 2.
An R-module M is called totally C-reflexive if the natural map λM is an isomor-
phism and if Ext>0R (M,C) = 0 = Ext
>0
R (M
†, C). Note that if C is isomorphic to R
then the notion of totally C-reflexive coincides with the notion of ordinary totally
reflexive. Each condition (2), (3) and (4) in the next lemma gives a characteriza-
tion of totally C-reflexive modules. They are well-known if C = R. One can show
this lemma similar to the case where C = R. This lemma plays key role to show
Theorem 4.3.
Lemma 2.2. The following conditions are equivalent for an R-module M :
(1) M is totally C-reflexive.
(2) Mp is totally Cp-reflexive for each prime ideal p.
(3) There exists an exact sequence · · · → P−1 → P 0
∂
→ P 1C → P
2
C → · · · such
that M is isomorphic to Im∂, P i is projective for each i ≤ 0, P iC is a direct
summand of finite direct sum of copies of C for each i > 1, and C-dual sequence
· · · → (P 2C)
† → (P 1C)
† → (P 0)† → (P−1)† → · · · is exact.
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(4) The syzygy module ΩM of M is totally C-reflexive and Ext1R(M,C) = 0.
When this is the case, we have depthM = depthR if R is local.
An R-moduleM is called n-C-syzygy if there exists an exact sequence 0→M →
P 1C → P
2
C → · · · → P
n
C such that each P
i
C is a direct summand of finite direct
sums of copy of C. We set ΩnC(modR) the class of n-C-syzygy modules. Let σ
: 0 → M → P 1C → P
2
C → · · · → P
n
C be a exact sequence whose P
i
C is a direct
summand of finite direct sums of copy of C for each i. We say σ n-C-universal
pushforward of M if the C-dual sequence σ† is exact. Note that if M has an
n-C-universal pushforward, then M is n-C-syzygy.
We say that an R-module M satisfies the Serre’s condition (Sn) (resp. (S˜n))
if depthMp ≥ min{n, dimRp} (resp. depthMp ≥ min{n, depthRp}) for each
prime ideal p of R. We denote by Sn(R) the class of modules which satisfies
(Sn). We say that R satisfies the condition (ES
C
n ) provided each R-module X with
Ext>0R (X,C) = 0 satisfies (S˜n). Moreover, we say that R satisfies the condition
(GCn ) if injective dimension of Cp (as an Rp-module) is finite for all prime ideal p
of height at most n. In this case, Rp is Cohen-Macaulay local ring with canonical
module Cp for all prime ideal p of height at most n.
3. Proof of Theorem 1.1
In this section, we give a proof of Theorem 1.1. We can show the equivalence
between (1) and (2) in the Theorem 1.1 with no assumptions.
Proposition 3.1. The following two conditions are equivalent for an R-module M :
(1) M is n-C-torsionfree,
(2) M has an n-C-universal pushforward.
Proof. (1)⇒ (2) We prove this by induction on n. Assume n = 1. Let f1, f2, . . . , fm
be a generating system of M † and put f = (f1 f2 . . . fm). Applying the C-dual to
an exact sequence R⊕m
f
−→M † → 0, we obtain an exact sequence 0 −→M ††
f†
−→
C⊕m. Since M is 1-C-torsionfree, λM is a monomorphism. Putting g = f
†λM , we
see that 0→M
g
→ C⊕m is a 1-C-universal pushforward of M .
Assume n ≥ 2. Since M is 1-C-torsionfree, M has a 1-C-universal pushforward
0→M
g
→ P 1C . Putting N = Cokerg, we have a following commutative diagram:
0 −−−−→ M −−−−→ P 1C −−−−→ N −−−−→ 0
λM
y λP1
C
y λN
y
0 −−−−→ M †† −−−−→ P 1C
††
−−−−→ N †† −−−−→ Ext1R(M
†, C) −−−−→ 0.
Since ExtiR(N
†, C) ∼= Exti+1R (M
†, C) for each i > 0, N is (n − 1)-C-torsionfree.
By induction assumption, N has an (n − 1)-C-universal pushforward 0 → N →
P 2C → · · · → P
n
C . Then, 0 → M → P
1
C → P
2
C → · · · → P
n
C is an n-C-universal
pushforward of M .
(2) ⇒ (1) Since M has a 1-C-universal pushforward, there exists a short exact
sequence 0→M → PC → N → 0 such that PC is a direct summand of finite direct
sums of copy of C and that the C-dual sequence 0 → N † → P †C → M
† → 0 is
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exact. Then we obtain a following commutative diagram:
0 −−−−→ M −−−−→ PC −−−−→ N −−−−→ 0
λM
y λPC
y∼= λN
y
0 −−−−→ M †† −−−−→ P ††C −−−−→ N
†† −−−−→ Ext1R(M
†, C) −−−−→ 0.
Note that ExtiR(N
†, C) ∼= Exti+1R (M
†, C) for each i > 0.
Now, we shall show that M is n-C-torsionfree by induction on n. We remark
that λM is a monomorphism by the five lemma. Thus M is 1-C-torsionfree.
Assume n ≥ 2. Since N has an (n− 1)-C-universal pushforward, N is (n − 1)-
C-torsionfree by induction assumption. This yield that M is n-C-torsionfree. 
Proof of Theorem 1.1. The implication (2) ⇒ (3) is obvious. Since depthCp =
depthRp for all prime ideal p, one can check the implication (3) ⇒ (4) by using
depth lemma. R satisfies (Sn) by the assumption, we can see that (4) and (5) are
equivalent. Therefore, it is enough to prove the implication (5) ⇒ (1). We prove
the implication (5)⇒ (1) by induction on n. Assume n = 1. Let p be an associated
prime ideal of M . Since M satisfies (S1), we have dimRp = 0. If R satisfies (G
C
0 ),
then Cp is a canonical Rp-module. ThereforeMp is totally Cp-reflexive and we have
HomR(M,C)p ∼= HomRp(Mp, Cp) 6= 0. In particular, HomR(M,C) 6= 0.
Let f1, f2, . . . , fm be a generating system of Hom(M,C) and put f =
t
(f1, f2, . . . , fm) : M → C
⊕m. Suppose that N = ker f is not zero. Let q be
an associated prime ideal of N . Since q is also an associated prime ideal of M , we
have dimRq = 0. Noting that Cq is canonical module over Rq, we have that fq is a
monomorphism. This yields that Nq = 0. This contradicts that q is an associated
prime ideal of N . Hence f is a monomorphism.
Since f ††λM = λC⊕mf is a monomorphism, we obtain that λM is a monomor-
phism. This means that M is 1-C-torsionfree.
Assume n ≥ 2. Since M satisfies (S1), M is 1-C-torsionfree. In particular, M
has a 1-C-universal pushforward 0→M → PC → N → 0 by Proposition 3.1. Then
we get a following commutative diagram:
0 −−−−→ M −−−−→ PC −−−−→ N −−−−→ 0
λM
y λPC
y λN
y
0 −−−−→ M †† −−−−→ P ††C −−−−→ N
†† −−−−→ Ext1R(M
†, C) −−−−→ 0.
Note that ExtiR(N
†, C) ∼= Exti+1R (M
†, C) for each i > 0. By induction assumption,
it is enough to prove that N satisfies (Sn−1) and that Np is totally Cp-reflexive for
all prime ideal p of height less than n− 1.
Let p be a prime ideal. If dimRp ≥ n, we have depthMp ≥ min{n, dimRp} = n.
Therefore we obtain depthNp ≥ n− 1 by depth lemma.
Assume dimRp ≤ n−1. If R satisfies (G
C
n−1), Rp is Cohen-Macaulay with canon-
ical module Cp. Inequalities depthMp ≥ min{n, dimRp} = dimRp = depthRp
gives that Mp is a maximal Cohen-Macaulay Rp-module. In particular, Mp is
totally Cp-reflexive. Thus so are (Mp)
†
p , Rp and (Np)
†
p .
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It comes from a commutative diagram:
0 −−−−→ Mp −−−−→ (PC)p −−−−→ Np −−−−→ 0
λMp
y∼= λ(PC )p
y∼= λNp
y
0 −−−−→ (Mp)
†p†p −−−−→ (PC)
†p†p
p −−−−→ (Np)
†p†p −−−−→ 0,
we can see that λNp is an isomorphism and that Np
∼= (Np)
†p†p is totally Cp-
reflexive. Therefore we have depthNp = depthRp ≥ min{n, dimRp}. Hence N
satisfies (Sn−1). 
This Theorem gives following corollary.
Corollary 3.2. Let C and C′ be semidualizing R-modules. Assume that R sat-
isfies the conditions (Sn), (G
C
n−1) and (G
C′
n−1). Then the following conditions are
equivalent for an R-module M .
(1) M is n-C-torsionfree,
(2) M is n-C′-torsionfree,
(3) M is n-C-syzygy,
(4) M is n-C′-syzygy.
4. Applications
In this section, we give some applications of Theorem 1.1. The first application
is to characterize Cohen-Macaulay rings R such that Rp is Gorenstein for all prime
ideals p of height less than n. We attempt to solve Tachikawa conjecture and some
homological conjectures as a second application.
4.1. Locally Gorensteinness. Theorem 4.1 gives a characterization Cohen-
Macaulay rings that is locally Gorenstein in terms of the Serre’s condition.
Theorem 4.1. Let R be a Cohen-Macaulay ring with a canonical module ω. Then
the following conditions are equivalent:
(1) R satisfies (GCn−1),
(2) Sn(R) = Ω
n
C(modR),
(3) ω ∈ ΩnC(modR).
Proof. If n = 0, then three statements hold. We assume that n > 0.
(1)⇒ (2) It is obvious by Theorem 1.1.
(2)⇒ (3) A canonical module ω satisfies (Sn), so we have ω ∈ Ω
n
C(modR).
(3)⇒ (1) There is an exact sequence
0→ ω → P 1C → P
2
C → · · · → P
n
C →M → 0
such that each P iC is a direct summand of direct sum of finite copy of C. For
any prime ideal p of height less than n, (Ωn−1C M)p is a maximal Cohen-Macaulay
Rp-module. Then the exact sequence 0 → ωp → (P
1
C)p → (Ω
n−1
C M)p → 0 splits.
This indicates ωp ∼= Cp. Thus we have idRp Cp = idRp ωp <∞. 
Theorem 4.1 recovers a result of Leuschke and Weigand [13, Lemma 1.4] by
taking as C = R and n = d.
Corollary 4.2. Let R be a d-dimensional Cohen-Macaulay local ring with a canon-
ical module ω. Then the following conditions are equivalent:
(1) R satisfies the (GRd−1),
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(2) any maximal Cohen-Macaulay modules are d-th syzygy,
(3) ω is d-th syzygy.
4.2. Some homological conjectures. In this subsection, we give a partial answer
of Tachikawa conjecture and Auslander-Reiten conjecture as an another application
of Theorem 1.1.
Theorem 4.3. We set d = sup{ depthRp | p ∈ SpecR }, and assume that 0 <
d < ∞. Moreover, we assume that R satisfies the conditions (Sd) and (ES
C
1 ). If
Ext>0(M,C) = 0, then M is totally C-reflexive.
Proof. We show that Mp is totally Cp-reflexive by induction on htp. Since R
satisfies (GC0 ), the case where htp = 0 is obvious. Next, we consider the case where
htp > 0. By localizing at p, we may assume followings:
R is a noetherian local ring of depth d > 0. R satisfies (Sd) and (ES
C
1 ). M is
an R-module such that Ext>0R (M,C) = 0 and that Mp is totally Cp reflexive for all
nonmaximal prime ideal p.
By replacing M by ΩM if we need, we may assume depthM = d. Since R
satisfies (Sd) and sinceMp is totally Cp reflexive for all nonmaximal ideal p, we have
depthMp = depthRp ≥ min{d, dimRp}. Therefore M satisfies (Sd). By Theorem
1.1, M has an n-C-universal pushforward 0 → M → F 1C → · · · → F
d
C . Putting
M0 = M and divide this exact sequence to 0 → Mi−1 → F
i
C → Mi → 0 for each
i = 1, 2, . . . , d. Then one can check that Ext>0R (Mi, C) = 0 for all i = 0, 1, . . . , d.
Suppose that there exists i such that depthMi < d. Take such i minimal, we
can assume that Mi−1 satisfies (Sd). By replacing M by Mi−1, we may assume
depthM1 = d− 1. In this case, we have depthMd = d−d = 0 by depth lemma and
this contradicts to (ESC1 ). Hence we get that depthMi ≥ d and that Mi satisfies
(Sd) for every i.
We apply above argument repeatedly, we get the following exact sequence:
0 ✲M ✲F 1C
✲F 2C
✲ · · · ✲F dC
✲F d+1C
✲F d+2C
✲ · · ·
❅❘  ✒
Md
whose C-dual sequence is also exact. This implies that M is totally C-reflexive.

Corollary 4.4. Let R be a generically Gorenstein local ring of depth d and let M
be an R-module. Assume that R satisfies (Sd) and (ES
R
1 ). If Ext
>0
R (M,R) = 0,
then M is totally reflexive.
The following corollary is a partial result of the Tachikawa conjecture and more
general case has been proved by Avramov, Buchweitz and S¸ega [3].
Corollary 4.5. [3, Theorem 2.1] Let R be a generically Gorenstein Cohen-
Macaulay local ring with canonical module ω. If R satisfies (ESR1 ) and if
Ext>0R (ω,R) = 0, then R is Gorenstein.
The notion of almost Gorenstein has been introduced by Barucci and Fro¨berg
[4] and generalized by Goto, Matsuoka and Phuong [10] and Goto, Takahashi and
Taniguchi [11]. One can easily check that almost Gorenstein local ring is gener-
ically Gorenstein. Furthermore, Goto, Takahashi and Taniguchi show that any
almost Gorenstein Cohen-Macaulay local ring that is not Gorenstein is G-regular
REMARKS ON TORSIONFREENESS AND ITS APPLICATIONS 7
[11, Corollary 4.5]. By using these results, we get the following corollary that is a
partial result of the Auslander-Reiten conjecture.
Corollary 4.6. Let R be an almost Gorenstein Cohen-Macaulay local ring that is
not Gorenstein and let M be an R-module. Assume that R satisfies (ESR1 ). If
Ext>0R (M,R) = 0, then M is free.
5. Examples of semidualizing modules
In this section, we give examples of non-trivial semidualizing modules. Jor-
gensen, Leuschke and Sather-Wagstaff [12] have been determined the structure of
rings which admits non-trivial semidualizing modules.
Theorem 5.1. [12, Theorem 1.1, Theorem 3.1] Let R be a local Cohen-Macaulay
ring with a canonical module. Then R admits a semidualizing module that is neither
canonical module nor R if and only if there exist a Gorenstein local ring S and ideals
I1, I2 ⊂ S satisfying the following conditions:
(1) There is a ring isomorphism R ∼= S/(I1 + I2),
(2) For j = 1, 2 the quotient ring S/Ij is Cohen-Macaulay and not Gorenstein,
(3) For all i ∈ Z, we have the following vanishing of Tate cohomology modules:
T̂or
S
i (S/I1, S/I2) = 0 = Êxt
i
S(S/I1, S/I2),
(4) There exists an integer c such that ExtcS(S/I1, S/I2) is not cyclic,
(5) For all i ≥ 1, we have TorSi (S/I1, S/I2) = 0; in particular, there is an equality
I1 ∩ I2 = I1I2.
Then C = ExtdimS−dimRS (R,S) is a semidualizing module that is neither R nor
canonical module.
We give a class of Cohen-Macaulay local rings R which have a non-trivial semid-
ualizing module C by using this result. Moreover, Cp is a canonical Rp-module for
all non-maximal prime ideal p of R.
Proposition 5.2. Let k be a field and T = k[[x1, x2, . . . , xm, y1, y2]] be a formal
power series ring. For f1, f2, . . . , fr ∈ k[[x1, x2, . . . , xm]] and ℓ ≥ 2, we set ideals
I1 = (f1, f2, . . . , fr)T and I2 = (y1, y2)
ℓT . Assume that S = T/I1 is a (d +
2)-dimensional Cohen-Macaulay ring which is not Gorenstein and that S satisfies
(GSn+2). Putting R = S/I2 and C = Ext
2
S(R,S), then the followings hold:
(1) R is d-dimensional Cohen-Macaulay ring,
(2) C is neither R nor canonical R-module,
(3) R satisfies (GCn ).
Proof. (1) is clear. (2) is comes from Theorem 5.1. We show (3). Let p be a prime
ideal of R with height at most n. Since P = pS is a prime ideal of S with height at
most n+2, we have that Sp = SP is Gorenstein. Therefore Cp = Ext
2
SP
(Rp, SP ) is
a canonical Rp-module. 
In the end of this article, we give examples of d-dimensional Cohen-Macaulay
rings R and semidualizing module C such that R satisfies (GCd−1) but not (G
R
n ) for
all n.
Example 5.3. Let k be a field.
(1) Let S = k[[x1, x2, x3, y1, y2]]/(x
2
2−x1x3, x2x3, x
2
3) be a 3-dimensional Cohen-
Macaulay local ring which is not Gorenstein. We set R = S/(y21 , y1y2, y
2
2) which
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is a 1-dimensional Cohen-Macaulay local ring. Note that all the prime ideals of
R are p = (x2, x3, y1, y2) and m = (x1, x2, x3, y1, y2). It is easy to see that Sp
is Gorenstein but Rp is not Gorenstein. In particular, R does not satisfy (G
R
0 ).
Putting C = Ext2S(R,S), one can check that C is a semidualizing R-module which
is neither R nor canonical module. Since Sp is Gorenstein, we can see that Cp is a
canonical module over Rp. This yield that R satisfies (G
C
0 ).
(2) Let S = k[[x1, x2, x3, x4, y1, y2]]/(x
2
2 − x1x3, x2x3 − x1x4, x
2
3 − x2x4) be a 4-
dimensional Cohen-Macaulay local normal domain which is not Gorenstein. We set
R = S/(y21 , y1y2, y
2
2) which is a 2-dimensional Cohen-Macaulay local ring. For each
prime ideal p except for m = (x1, x2, x3, x4, y1, y2), we easily show that Sp is regular.
But for the unique minimal prime ideal q = (x22−x1x3, x2x3−x1x4, x
2
3−x2x4, y1, y2),
Rq is isomorphic to K[[y1, y2]](y1,y2)/(y
2
1, y1y2, y
2
2), where K is a field. Thus R
does not satisfy (GR0 ) and therefore R does not satisfy (G
R
n ) for every n. Putting
C = Ext2S(R,S), one can check that C is a semidualizing R-module which is neither
R nor canonical module. Since Sp is regular, we can see that Cp is a canonical
module over Rp. This yield that R satisfies (G
C
1 ).
(3) Let S = k[[x1, x2, x3, x4, x5, x6, y1, y2]]/(x
2
2 − x1x4, x2x3 − x1x5, x
2
3 −
x1x6, x3x4 − x2x5, x3x5 − x2x6, x
2
5 − x4x6) be a 5-dimensional Cohen-Macaulay
local domain with an isolated singularity which is not Gorenstein. We set R =
S/(y21, y1y2, y
2
2) which is a 3-dimensional Cohen-Macaulay local ring. For each
prime ideal p except for m = (x1, x2, x3, x4, x5, x6, y1, y2), we easily show that
Sp is regular. But for the unique minimal prime ideal q = (x
2
2 − x1x4, x2x3 −
x1x5, x
2
3 − x1x6, x3x4 − x2x5, x3x5 − x2x6, x
2
5 − x4x6, y1, y2), Rq is isomorphic to
K[[y1, y2]](y1,y2)/(y
2
1 , y1y2, y
2
2), where K is a field. Thus R does not satisfy (G
R
0 )
and therefore R does not satisfy (GRn ) for every n. Putting C = Ext
2
S(R,S), one
can check that C is a semidualizing R-module which is neither R nor canonical
module. Since Sp is regular, we can see that Cp is a canonical module over Rp.
This yield that R satisfies (GC2 ).
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